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INTEGRATED POWER AND ATTITUDE CONTROL
FOR A SPACECRAFT WITH
FLYWHEELS AND CONTROL MOMENT GYROSCOPES

Carlos M. Roithmayr”*
NASA Langley Research Center
Hampton, VA 23681-2199

Christopher D. Karlgaard, Renjith R. Kumar, and David M. Bose
Analytical Mechanics Associates Inc.’
Hampton, VA, 23666

A law is designed for simultancous control of the orientation of an Earth-
pointing spacecraft, the energy stored by counter-rotating flvwheels. and
the angular momentum of the Aywheels and control moment gyroscopes
used together as an integrated set of actuators for attitude control. Gen-
eral. nonlinear equations of motion are presented in vector-dyadic form.
and used to obtain approximate expressions which are then linearized in
preparation for design of control laws that include feedback of flywheel
kinetic energy error as a means of compensating for damping exerted by
rotor bearings. Two fivwheel “steering laws” are developed such that torque
commanded by an attitude control law is achieved while energy is stored or
discharged at the required rate. Using the International Space Station as
an example, nmmnerical simulations are performed to demonstrate control
about a torque equilibrium attitude. and illustrate the benefits of kinetic
energy error feedback.

INTRODUCTION

Flywheels offer great promise for reducing the mass and extending the life of spacecraft: they store
more energy per unit of mass and last significantly longer than chemical batteries. Moreover. Hv-
wheels can simultaneously store energy and exert torque on a spacecraft, making it possible for one
system of fivwheels to replace two separate systems typically used for energy storage and attitude
control. When the mass of the two conventional svstems is taken into account. the specitic energy of
flywheel systems is expected to be 5 to 10 times greater, according to Ref. [1]. The attitude control
systent typically represents 11% of the mass of a spacecraft. and batteries make up 6% of the mass,
therefore a 13% to 15% reduction in total spacecraft mass is possible by using flvwheels. Secondary
benefits oceur as well: since fiywheels have higher efficiencies than batteries. a reduction in solar
array size and mass becowes possible, and reboost propellant can be reduced because the smaller
artays produce less drag. Flywheel systems are expected to last 15 vears (Ret. [1]) or more whereas
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tvpical batteries last only 5 vears. The greatest advantage of flywheels over batteries accrues in
. . . la) o .

low earth orbit where eclipse happens more frequently aud for longer periods than in higher orbits:
repeated charge and discharge cycles, and high depth of discharge significantly degrade batteries
over time.

Consideration was recently given (Ref. [2]) to replacing the Interuational Space Station (ISS)
batteries with a Flywheel Energy Storage System (FESS): Lhence, there naturally arose the thought
of using the Hywheels to assist the ISS Control Moment Gyroscopes (CMGs) in controlling attitude.
A nwwerical investigation of the merits of this idea requires a feedback control law designed for
CMGs and fivwheels used together as an integrated set of effectors. The current CMG control law
described in Refs. [3] and [4] minimizes a cost function involving spacecraft attitude and angular
speed. and CMG angular momentun. A CMG steering law such as the one developed by Hans
Kennel determines the speeds of the two gimbals (in which each constant speed CMG rotor is
mounted) needed to produce the torque requested by the control law. As a natural exteusion of
the present approach. we seek a new control law derived from a cost function that includes Hywhecl
angular momentum in addition to the aforementioned quantities. Also needed is a “fiywheel steering
law.” a counterpart to the CMG steering law that will deterimine the motor/generator torque to be
applied to cach member of a counter-rotating flyvwheel pair such that rotatioual kinetic energy is
stored or discharged in the required manner, and the net torque requested by the control law is
produced simultaneously.

A review of the literature does not reveal any suitable existing control laws. In Ref. [5]. Notti.
Cormack. and Klein give a sketch of a control law and an energy distribution law: however, this work
is not applicable primatrily because cach flywheel rotor is assuned to be supported by two gimbals
and the ISS FESS did not contain any gimbals. In addition. the control law lacks fivwheel angular
momentum as a feedback parameter. Recent work on coutrol laws for integrated power and attitude
control systems deals either with sets of four or more flvwheels whose spin axes are non-collinear
(Refs. [6] [8]). or with sets of variable-speed. siugle-gimbal control moment gvroscopes (Refs. [9]
[11]): neither of these types of configurations are directly applicable to the counter-rotating Hvwheel
pair arrangement of the FESS. Varatharajoo and Fasoulas [12] develop control laws for a spacecraft
using a counter-rotating Hvwheel configuration: however. they only consider a pitch-axis controller.

Hall's control law. proposed in Ref. [G]. is an open-loop scheme (rather than a feedback faw) for
performing large-angle attitude maneuvers. It does not account for gravitational and acrodynamic
torques which have a significant effect on the motion of ISS. and therefore can not be used for
maintaining torque equilibrium attitude, the primary job of the CMGs. Hall introduces a fivwheel
steering law based on a matrix psendo-inverse: it is applied in cach of Refs. [7] [11]. Tsiotras.
Shen. and Hall employ Lyapunov stability theory in Ref. [7] to develop a feedback control Iaw which
performs well in simulations involving disturbance torques: however, flywheel momentuni is nranaged
by expenditure of propellant. Costic et al. develop in Ref. [8] a nonlinear controller which includes
an adaptive scheme for estimating the mass distribution of the spacecraft. but thev do not address
moment it ianagenient.

In Ref. [9]. Fausz and Richie extend the work of Hall to a nonlinear feedback controller applicable
to a set of variable-speed, single-gimbal control mowment gyroscopes. Together with Tsiotras. they
continue their discussion in Ref. [10] and present simulation results, but momentum management is
not addressed in either of the two papers. Yoon and Tsiotras develop an adaptive nonlinear control
law in Ref. [11]. and incorporate wheel-speed equalization to reduce the possibility of singularities
and keep the wheel speeds within acceptable limits. Numerical simulation results show that attitude
and power profiles can be tracked even when the spacecraft inertia properties are unknown. Of all
the papers mentioned heretofore, Ref. [11] is the only one in which attitude control. momentum
managewent. and power management for Hywheels is considered in an integrated fashion.

It is important to note that Refs. [6]- [12] fail to take into account damping torque exerted by
the spacecraft and a flvwheel rotor on each other: in practice. this will cause the actual rotational
kinetic energy possessed by the fHivwlheels to differ from the required amount. None of these works
include any feedback of errors in flvwheel power or kinetic energy. something which must be done
under realistic conditions.



Figure 1: Spacecraft with Flvwheel and CMG

In what follows we present equations of motion to be used in numerical simulations and in control
law design, develop two flywheel steering laws, design an algorithm for managing momentum and
maintaining torque equilibrium attitude, and present simnlation results showing the performance of
the control law as well as the benefits of Hvwheel kinetic energy error feedback.

EQUATIONS OF MOTION FOR SPACECRAFT WITH FLYWHEELS
AND CMGS

Dynamical Equations

The system of interest, S. is composed of a rigid body B moving in an inertial or Newtonian reference
frame N. and several rigid axisvonmetric rotors Ry, ... . R, whose mass centers are fixed in B. A
subset of the rotors Ry, ... . Rr have spin axes fixed in B so that these rotors represent non-gimballed
flvwheels or reaction wheels. Each of the remaining rotors Ry, ... . R, are attached to B with one
or more massless gimbals which permit the direction of the spin axis to change relative to B: these
rotors thus represent a number of CMGs. € = p — F. (The latter subset could contain gimballed
flvwheel rotors as well as CMGs, but we concern ourselves in this work only with non-gimballed
flywheels.) This system is illustrated in Fig. 1. with rotors Ry.... R,y omitted for the sake of
clarity.

The equations of motion are derived using Kane's equations (Eqs. (6.1.2). Ref. {13])
F.+F =0 (r=1.....n) (1)

where F, are generalized active forces for S in N, F? are generalized inertia forces for S in N and

n is the number of degrees of freedom of S in N

The svstem S is holonomie and therefore a complete description of the motion of S in N requires
n generalized speeds wy, .. L u,. convendently chosen as follows.
"‘\‘w B H]b] + llgb-_) + ‘Il;;b;; (2)
where Yw # is the angular velocity of B in N, and by, bu. and by are a set of mutually orthogonal.
right-handed unit vectors fixed in B.



We introduce unit vectors 3, fixed in B such that they are each parallel to the spin axis of

a flywheel rotor R;. and therefore to the angular velocity Pw of R, in B. Generalized speeds
iy ..., urgy assoclated with the flvwheels can then be used to write the angular velocities as
B, R _ : - .
w = w4y G, (i=1,....F) (3)

The inner gimbal of each CMG is fastened to B with a revolute joint in a single-gimbal config-
uration. whereas a double-gimbal CMG has the inner gimbal attached with a revolute joint to an
outer gimbal, which is in turn mounted in B with a second revolute joint. The axis of each revolute
joiut is assumed to pass through the mass center of the rotor, which is thus fixed in B. In order to
niaintain generality with regard to the number of CMG rotors and gimbals, the angular velocities
B fte o0 B Be of the rotors relative to B are not written explicitly. but they must be functions
of the generalized speeds ugpyy. ... w,—3, where one generalized speed is required for every gimbal.

The final three generalized speeds are associated with the velocity of the mass center S* of 5 in
““‘\“Y.

N_ &8 : . ¢
V' =y, Uy, N + ugng (4)

where ny. ny. and ny are a set of mutually orthogonal, right-handed unit vectors fixed in N.

Let a be the set of forces exerted on S creept those exerted by B and R; on each other (i =

1.....p). The forces in o acting on B.Ry.... . R, are equivalent to single forces Fy. Fy.... . F,
applied at the mass centers B*. Rj.... . It} of bodies B.R,.... . R,. respectively, together with
couples whose torques are Mg, M,.... . M,,.

To account for the forces exerted by B on R;. we regard them as equivalent to a single force

3/ . . . 'R, G L . ,
| applied at R}, together with a couple whose torque is MPBE Since R is fixed in B. FP/HK
contributes nothing to F, (i = 1.... .pcr = 1,... . n).

The generalized active forces for S in N are obtained by application of Eq. (4.6.1) of Ref. [13].
and are given by

p
Foe SR Yol MY el (M MP ) ot G

i=1
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where Vv ¥ is known as the rth partial velocity of $* in N, Nw?B is the rth partial angular

velocity of B in N. and so forth. The vector F is the resultant of the forces in o acting on S.
F =Fp+3" F,. and M is the moment of ¢ about S*, given by M = Mp + %' 8" x Fg +

’I':l (M; + r¥ R x F,). where r 7 B s the position vector fromn S* to B*. etc.
The generalized inertia forces for S in N are formed according to Eqgs. (41.11.5) (4.11.7) of
Ref. {13}, and are given by

N8 N ST N SPNT N 3 N S/ST N
F,*:*\V, ””H\a _ '\er‘ l . ’\al+ \CIJHX_I_ . '\wlf
I3 11’1 0
( ™ N P e fan .
+§ W BHR,,I(" 4+ f\wli = ”H“u”. + 2 (Hw R, Xl”“”‘ 7llfwli" % Bwh’,) . ,’\w
[¢
i=1 i=F+1
o ;’\"l
a ar Fpt .
— E ”w,.")‘ . = NHHR (r=1.....m
1 dt
=

. . . NS . I . . .

where g is the mass of system S, Y a®" is the acceleration of S* in N, I™% is the inertia dvadic
s N . . . . . Rt . . . . .

of S for §*, Ya® is the angular acceleration of B in N, l“" B is the inertia dyadic of R, for R.

and the central angular momenta of R, in B, and in N, are deuoted respectively by BH 8 and
NH R Differentiation with respect to time in B. and in N, are indicated respectively by Pd/dt

and Vd/dt.

B

(6)



According to Eqs. (1) the generalized inertia forces from Egs. (6) are added to the generalized
active forces from Eqgs. (5) to vield vector-dyadic equations of motion for a spacecraft conraining
flywheels and CMGs

NS N S*
\v,. -(F~mg\a )

N S/80 N N S/ N
_Jr\w’gf_ M- [I¥5 . Vol 4 \wBqu/s NGB

" i3 P
i . N . e s N N
+Z _ll?er/f,/n, 4 NoB BRI 4 Z (Bw[{, XIR,,/R, 711,_, R hwm) LN,B
(¢4
i= 1=F+1
Iy N
d e
3T Bt M+ MR U NgRIRE ) — r=1....n
! ' dt
=1

Eqs. (7) are completely general with regard to the number and orientation of flvwheel rotors, and
the munber of CMG rotors aud gimbals. In this form, they are applicable to variable-speed CAGs.
These equations of motion, and the expression for generalized inertia forces. can be compared briefly
to previous work.

Reference [14] is concerned with gyvrostats and relevant equations that can be dealt with easily
by an analyst, and quickly by a computer. Expressions for generalized inertia forces are presented
separately for a gvrostat containing a single evlindrical rotor. and for one containing a single spherical
rotor: an underlving general relationship (C65) developed in Appendix C can be shown to give rise
to Eqs. (6) presented here, when no CMGs are present (C = 0. thus p = F). The term in the
second line of Egs. (C65) accounts for but a single rotor. although additional rotors can be handled
straightforwardly by adding a sum of similar terms. The correspondence between Eqs. (C65) and
our (6) is shown by appealing to Egs. (24). (C61), (C35). (C24). (3). and (C34) of Ref. [14]. and
replacing their labels G. B, and A for the gyrostat, rotor. and carrier respectively with our S, R,.
and B. The use of the system mass and inertia scalars, together with the moment of inertia for the
axis of sviumetry of each rotor, is shown in Ref. [14] to lead to greater efficiency than use of mass
properties of individual bodies in a gvrostat: this advantage happeus to accrue to Egs. (6) and (7)
developed here.

Rheinfurth and Carroll present in Ref. [15] vector-dvadic equations of motion (27) for a spacecraft
composed of a rigid carrier and a rigid appendage whose mass center is fixed in the carrier. Additional
appendages are accounted for easily by forming a sum, as they do in Eq. (16), but the resulting vector-
dvadic expression will give rise to only three scalar equations. It is pointed out near the bottom of
p. 6 that a CMG can be regarded as an appendage: however, the motion of every appendage relative
to the carrier must be prescribed if the 3 equations are to serve as dvnamical equations governing
the motion of the carrier. Reference [15] does not contain counterparts to the n — 6 of our Eqgs. (7)
that govern the motion of the rotors, or to the 3 equations governing the translational motion of
the system. It can be shown rather easily that Rheinfurth and Carroll's Eqgs. (27) give way to the
first three of Egs. (7) here when all rotors are permitted to be CMGs (F = 0. thus p = C). After
forming the required s, and replacing their symbols L with M. 1 with l‘g"‘"q'. 1, with lH“"‘R".
Q with Yw?, w, with Bwf. (), with Ya P, and (&), with Ba it becomes evident that
forming dot products with the resulting expression and three vectors Nw B produces the first three
scalar relationships given by Eqgs. (7).

Dynamical Equations for A Complex Gyrostat

A spacecraft. known as a shimple gvrostat is described in Sec. 3.6 of Ref. [16]: the system S in the
preceding discussion becomes asinple gvrostat when the number of flvwheels F is equal to 1, and
when no CMGs are present (C = 0, p = F). A spacecraft with more than one flvwheel. such as the
one shown in Fig. 2. will be referred to as a complex gyrostat: equations of motion with F = 6 are
given in the following material.



Figure 2: Spacecraft with Flvwheels

Without a great loss of generality one can at this point work with six flywheel rotors Ry.... . Rg
(F = 6) arranged in three counter-rotating pairs as shown in Fig. 2. with the spin axes of Ry and
Ry parallel to by, R, and R; parallel to bz and R3 and Ry parallel to by, The generalized speeds
Uy, ... . Uy associated with the flywheels are then used to form the angular velocities Pw ™ of R; in
B.(i=1.....0)

B(.a.) By = (l.;b[‘ Bw hE = U(;bg. H(.d ke = llgb;;.

bw”‘ = Ur,bl. Bw Re. = ll';bg. ”w k. = Ug)b;; (H)

Up to this point the moment about R} of forces exerted by B on R, has been represented by
MPB/B henceforth we regard the dot product M5/ . 51 (i =1,....F) asthe sum of two contribu-
tions. The first is from a motor/generator, and will be denoted by M/ # . 3 for convenience. The
second is due to danping, related by a constant of proportionality Cy to the angular speed of R; rel-
ative to B. For example, in connection with rotor Ry, MPB/ B ) s replaced by 1Y LA b, - Cyu;
in Eqs. (7).

Unit vectors by. ba. and by are taken to be parallel to central principal axes of inertia of S, so
that

I7%" = Ibib; + Lbyby + I3bsby (9)

where I, I,. and I3 are central principal moments of inertia of S. Equations (7) then vield twelve
scalar relationships: upon decoupling the first three from the 4th through 9th. thev can be written

as

(Iy = 2Ty = (I_) — I3)usuy — J[llg(llx + wg) — uylug + (/7)‘% + M,

- (Ml LM LM, +M”f"”*) by 4 Cyley + us) (10)
(I = 2TYis = (Iy — IN)uyus — Jug(uy + ug) — uy(us + uy)] + Mo
- (M2 +MEM M M’“”“) by + Cylug + u=) (11)
(Iy = 2.)iy = (1) — D)uyay — J{uy(u + ur) — sy + us)] + My
. (M;; MBI M+ M“"”“) by 4 Cylun + 1y) (12)
6



J(ty + ) = ( +MB/R') by — Chuy (13)
J(iy + i) = ( M”’/“") by — Cqus (14)
J(is + i) = ( )t M”/”-’) by — Cug (15)
Ity + ti7) = (Mr + M“*”””) by — Cyur (16)
Ty + i) = (M +M”/"‘) by — (17)
Tty + 1) = (M +MP/ H“) . b;; — Cyuy (1%)

mgi, = Fo_g (r=10.11.12) (19)

where J is the central principal moment of inertia of a flywheel rotor for its axis of svinmetry. the
. . . . JaN 1 .
scalars M in Egs. (10)-(12) are defined by the relationships A; = M - b;. and Fj in Egs. (19) are
. FAN . .
defined as F;, = F - n; (j = 1.2.3).

Eqs. (10) (19) are thus a complete set of nonlinear dynamical equations of motion for a complex
gyrostat composed of a body B and six axisymumetric rotors Ry....  Rg whose mass centers and
spin axes are fixed in B: the rotors are arranged in pairs, with the spin axes in each pair parallel to
each other and to a central principal axis of inertia of the gyrostat.

If o rotor R, does not possess a magnetic dipole mwoment, and is housed inside B where it is
protected from the action of aerodynamic forces, then the principal contribution to the external
torque M, is gravitational moment exerted by the celestial body about which the gyrostat orbits.
An expression for an often used approximation of gravitational moment is given in Eq (2.6.8) of
Ref. [16]. where it becomes elear that the dot products M, - b, and M, - b, (i = 1.2.3) all vauish
hecause in eacl case the unit vector b, is parallel to an axis of syinmetry of the rotor. With C'y = (.
Eqs. (10) (12) and (17) are easily shown to reduce to Eqs. (3.7.28) (3.7.31) in Ref. [16] for a simple
gvrostat in which the spin axis of the single rotor is parallel to by.

Approximate, Linear Equations for a Spacecraft with Flywheels and CMGs

In Ref. [3]. Wie et al. develop a scheme for controlling a spacecraft’s attitude and managing the
angular momentum of a collection of CMGs, and the results are applied to a space station. In the
case of a spacecraft carrving CMGs and no Hywheels (F = 0, p = C), the first three of Egs. (7) can
be shown to give rise to the six relationships employved as a basis for control law design in Ref. [3].
namely Egs. (1) and (3) therein.  Au essential step in the demonstration consists of neglecting
the second sum (which receives contributions only from CMGs) in comparison to the first sum
appearing in Eqgs. (7). based on the assumption that the CMG gimbal speeds are much less than
the rotor spin speed. In addition. central moments and products of inertia of S are regarded as
constant in Ref. [3]. Dased on the assumption that reorientation of CMG rotors (and gimbals) does
not significantly redistribute system mass. Both assmmptions are quite reasouable in the case of the
International Space Station and its four CMGs with constant rotor speeds of 6.600 rpu.

There are n dynainical equations of motion (7). n —3 of which govern rotational motions of B and
the CMG rotors. The first three of these are approximated by the three Eqgs. (1) of Ref. 3] together
with the three additional relationships introduced in Eqs. (3) of Ref. [3] to represent the effects of
CMGs. This approach does not account entirely for all n — 6 of Egs. (7) that mmst follow from
the third sun therein, where n — 6 is equal to the nmber of gimbals (revolute joints) supporting
the CMG rotors in B: howoever. for the purposes of designing a control law the approach can be
extended to represent the effects of vwheels i a similar manner. There results nine approximate
dynamical equations for a spacecraft with flywheels and CMGs. To deseribe the orientation of B
i a local vertical. local horizontal reference frame L. one mayv clioose a body-three, 2-3-1 rotation
sequence as set forth on p. 423 of Ref. [16]. The sequence is also known as pitch-vaw-roll. witly the



angles denoted by 8;. 8,, and 85 respectively, and there are three associated kinematical equations
of motion. The set of twelve equations can be linearized about an Earth-pointing motion associated
with a circular orbit of rate n, and written as

11[11 = (I;; — IQ)(3I12(;;; + II&;;) — Ty — 7:1 + U (Q(J)
IQ(LI‘_) = (I - I[)(l“llzf)l) - Ty — Ty + U {21)
Lyiiy = (Iy — I)nity — 74 — 7y 4wy (22)

l;zl = nL;; + 7. ng = Ta. iz;; = A‘nizl + 73 (23)
H|:IIH;;+7"1. H-_):i_g. H;;:—IIH1+7_‘3 (24)
él = Un, ég = Uy — ‘IH‘};;. (;3 =u; + 1292 (25)

where all quantities with a tilde over them are referred to as perturbations. and considered “small.”
The moment M is regarded as the sum of two terms. the gravitational moment exerted on S and
reflected in the terns with a coeflicient of 3n2, as well as all other contributions w. with «;, = w - b,
(r = 1.2.3). The scalars 7. are defined in terms of the contributions from CMGs to the first sum in

Eqgs. (7).

Iy B
A A d e N Lo ,
T,-:T'b,»: E _HH”“H‘ + f\w[?x BH”“”“ 'b,~

- dt
i=F+1
B{ ] 0
_|a Byy K./ K} N B Byy R/ R 1 o0
= = > PH + Vx| Y PH ‘b, (r=12.3)  (26)
i=F+1 i=F+1

The scalars b, and h,. denote the perturbations of the quantities

il
2 A R conod
heZh-b 2 S PHU/) b, h,v:—;?h,. (r=1.2.3) (27)
(i
I=F+1

The scalars 7. H,. and H,. and the vectors T and H. associated with fivwheels. are involved in
simmilar relationships with the limits of the sums going from 1 to F. rather than from F + 1 to p.

Equations (20)-(25) are supplemented with differential equations governing [ I, dt. | H, dt. and
s 6, dt (r = 1.2.3) such as those introduced in Ref. [3] to eliminate biases in the time histories of
the integrands. These relationships become better suited for control law design after they have heen
made nondimensional by use of the following definitions.

o s oy o h s H, :
# =48,. F = —, h = —, H = — =1,2.3 28
f ! i n o Iin ! Iin { ) (%)
PN T JPRVAN Ti FANEEN.J AN R .
T = —— 7= . wl = - i=1.2.3 29
! Ln? ! I n? I n? ( ) (29)
2t (30)

Different subsets of the 21 nondimensional, linear differential equations can be written in the form
required for application of the Linear Quadratic Regulator technique.

{#} = [A{x} + [BI {7} + {W} (31)

to obtain various linear controller designs with the goal of determining the values of 7 and T that
best control the orientation of B in L. and winitize the magnitudes of h and H. The colinnm matrix
{7} 15 dimensioned 6 x 1 with the elements

b=l o onoqomon (32)

where the superseript T indicates the transpose of a matrix.



FLYWHEEL STEERING LAWS

The great benefit of utilizing fyvwheels is that they can serve simultaneously as attitude control
actuators and as energy storage devices: this dual role requires that T. obtainted on the basis of
attitude control considerations, be applied in a way that allows energv to be stored or discharged
as needed. A flywheel rotor R; is suspended in a vacuum housing in B with magnetic bearings. and
relative motion between R; and B is brought about by a motor-generator that enables B to exert
oun R; a torque with magnitude M/ 3., the purpose of which is to produce and change rotor
womentun in order to furnish attitude control, and to alter the rotor’s rotational kinetic energy.
An important measure of energy storage is power, or the rate at which rotational kinetic energy
is changed. In this section relationships for MB/ ,6, as functions of power, T, and rotor speeds
are developed: thev are referred to collectively as a flywheel steering law because they are similar in
nature to a CMG steering law that determines gimbal speeds (and thus. indirectly. gimbal motor
torgues) needed to produce 7 as requested by a control law. Two such steering laws are presented: the
first is the result of simply prescribing the total power of the fivwheel system. whereas specification
of the power required for each of three flywheel pairs gives rise to the second law. Bearing friction
and damping are neglected in the design of the steering laws.

The Hvwheel rotors are arranged in counter-rotating pairs; each pair. denoted by F,. consists of
rotors R, and R,,4 (i = 1,2,3). Referring to Eq. (5) of Ref. [17]. the power BpE o of F, in B can

be expressed as
BpFi _ (IR,/H,' ) Balh) LBk (IR,.K/RI',‘., ) Bak,.g) LB R (i=1.2.3) (33)
or. in view of Eqs. (8),
HPF’ =.] (’I'I'_>,+gl12,+‘_) + ’l)g,+3llg,+3) (7 =1, 2-{) (1{4)

and therefore the total power may be expressed as

3 3
bpt= E bpt =1 § (T2 pottaiyo + U243t 43) {(35)
i=1 =1
Now. if @), @y, and i3 are assumed to be small in comparison to ¢y, ... . ig. Cy is neglected, and

M, +b; and M, 3 - b; (i = 1.2, 3) vanish for the reasons put forth earlier, then Egs. (13) (18) may
he approximated as

Jitg; 0 = MP/H L, Ty MB/H i (i =1.2.3) (36)
which. together with the counterparts to Egs. (26) and (27), lead to
(F~ YwP xH)-b, = H, = J(iiz42 + tiz13)
~ (MR”‘" L MmB > by (i=1.2.3) (37)
or

MR s (F- Nl H-MPR) b (= 1.23) (3%)

Substitution from Eqs. (36) into Eq. (35) produces

3
Bpl o~ Z (11-_),+2MB/H‘ + 112,+;;MH'/H" ‘) - b, (39)

i=1

. . . - . . . . 3/
Eqs. (38) and (39) constitute a system of four equations. linear in the six unknowns ME Ly,
12y , . o . R . . . e
and MP/ v p (0= 1.2.3). This underdetermined system can be written in matrix form as

A {w) = {=} (40)



where

A 0 0 1 1 0 0 )
[A,] 00 0 0 1 1 (4D
ty Uy g Uy Uy iy

[It>

[MP/H b, MP/R b, MBI b, MBI b, ME b, MBIy T
(42)

[ (F - Ny B XH)-bl (T - NB xH)-b-: (T - Ny B XH)-b;; BpF ]1‘ (43)

e

0

{=}

Oue may solve Eqs. (40) by forming a matrix pseudo-inverse such as the one presented in Ref. [18]
and developed by Moore and Penrose for underdetermined systems,

. T
A0 2 14" (A 1407) (44)
which vields the solution
{yb =47 {=} (45)

that minimizes the sum of the squares of the unknowns, {y}’l {y}. (There exist several other
performance measures that could be considered iu solving an underdetermined system of equations.)
This is in essence the suggestion made by Hall in Sec. 4 of Ref. [6]. vielding a steering law wherein the
power and attitude control requirements are met simultaneously. and a function of the instantaneous
motor torques, the sum Z‘I‘:l[(MB“’K’ -b;)? + (MB"/H’” - b;)?]. is minimized. Upon making the
definitions

>
e

fan

dy = uy — uy, do = ur — ug. dy = ug — uy (4G)
Py Pal ) Py .
81 = u; + uy. §9 = uy + ug, Sy Uy + Uk (47)
the pseudo-inverse can be written explicitly as
+

EN (4%)

2115(11 + (1-__)2 + d;;g 82(11 S;;dl *2(11

—2ugd; + (1-_3') + d;gz —sod) — 83l 2d,

1 s1dy Qurds + dy? + dy? sady  —2d,

T ~ . 2l i
2(d, 2 dy + d:;-’) ~sids ~2ugds +dy7 + dy” —s3d> 2l
] 2
.5'1(13 h“_)‘d;; 2“3)(1;; + (1] T+ (1-_)' —2(1;;
—51dy —sody = 2uxds + (1]2 + (12.2 2dy

It is worth noting that if the rotor speed differences dy. d». and dy vanish for all three Hywheel
pairs, the pseudo-inverse becones infinite and the steering law does not furnish a result. Since the
rotor speeds of the flywheels in each pair will normally have opposite signs. this condition should be
unlikelv. In addition. examination of Eqs. (42), (43), (45). and (48) reveals that when the ywheels
are not required to provide attitude control (T = 0). and the condition of counter-rotation is present
(i3 = —uzi40. thus H = 0). this steering law dictates that MBI b, = MBI b‘. and
counter-rotation is preserved.

As an alternative to dealing with the four Egs. (38) and (39). one could replace the single Eq. (39)
with three others by choosing to divide the power requirement evenly aniong the three flvwheel
pairs. Bpfi = Bpf: — Bph.o %BPF. vielding six equations in six unknowns. Substitution
from Eqs. (36) into Eqs. (34) gives the three new equations

“PF’ = (112,4.‘_)M”“fn\ + ll‘_),*;;M”‘/”“ ‘) - b, (i =1.2.3) (49)
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Now, substitution from Eqs. (38) gives

. e _ A
BPE s i (MR by) 4 g (F = Nw? x H=-MP/%) b,

g |
=
=

/ i - N . .
= (llg,+‘_) — (121+:;) (MH/ AT b,) + U243 (‘T' — ‘\(.«JH X H) - b, (I =1.2. f) (!
which can be rearranged to vield

BPF —uyys (T - N B x H) - b,

Ugj42 — U243

MB/H b, = (i=1.2.3) (51)

and, when one substitutes from this expression into Eq. (38). the result is

tagn (T — Nl x H) - b, — BpF

U2i42 — U243

MB/R"" . bl —

Eqgs. (51) and (52) constitute another flywheel steering law, indicating the moment that must be
applied by a motor-generator to cach of two rotors belonging to a counter-rotating pair in order to
apply T as called for by an attitude control law, and at the same time satisfy power requirements
specified by # P Each flywheel pair is expected to operate with the sign of the rotor speed uy; 43
opposite the sign of 1y 100 hence, the denominators uz; 4o — a4y should remain well away from
zero. Iu the event that the flywheels are not required to participate in attitude control. and the
condition of counter-rotation is present, the steering law vields MB o, = —-MP b, and
thus maintains the condition of counter-rotation.

LINEAR CONTROLLERS

Laws for controlling the orientation of B in L, and the momentum of Hywheels and CMGs. have
been designed using the infinite-horizon Linear Quadratic Regulator technique. in which a scalar
quadratic performance index given by

P:/ (1Y QU + {ry T [RI()) ar (53)
Ju
is minimized subject to the linear Eqs. (31) with {17} = {0}. The technigue vields a state feedback
gain matrix [R] which in turn is used to obtain {7},

{r} = - [N} {«} (54)

As suggested by Bryson aud Ho in Ref. [19], the weighting matrix [@Q] can be chosen as diagonal.
and unity should he approximately equal to the product of @; and the square of the maximum
acceptable value of the associated element x; of {r}. Maximum acceptable values of several param-
eters used in constructing [(Q] are listed in Table 1. Before constructing [Q]. the values in Table 1
must be mmade noudimensional to be in correspondence with the elements of {ir}. Likewise, a diago-
nal form of [R] is convenient, with unity approximately equal to the product of Ry and the square
of the maximun acceptable value of the associated element of {7} (k = 1,....6). The maximum
expected value of each element of {7} is taken to be 2.7 N-m, which must be nondimensionalized
hefore constructing [R).

Simulation Parameters

Other values required for a numerical simulation are as follows.
Moments and products of inertia of S with respect to $* are taken to be

50.2%  —0.39 —0.24
{1**" ] =136x | 039 1080 016 | x 10° ke-m? (55)
—0.24  0.16 5857

1"



Table 1: Maximum Acceptable Values

Parameter Max Value
(i=1,2,3)
4, 1 deg
i, 0.2 deg/s
h; 6,779 N-m-s
H, 6.779 N-mm-s
J hidt 2.7 x 10° N-m-s*
| H,dt 2.7 x 10% N-i-s?
J 6,dt 1000 deg-s

which are the same values (in metric units) as those associated with Phase 1 in Table 1 of Ref. [3].
with the exception of I3 which is suspected to be a typographical error, the correct value being
~0.24 x 10% slug-ft2.

The value of w used in Ref. [3] represents the moment about S* of acrodynamic forces exerted
on the Phase 1 configuration of § when the attitude is near TEA: it is given by

1 1 - 1 .
w = 1.36[(1 + sinnt + 5 sin2nt)b| + {4 + 2sin nt + 5 sin 2nt)b, + (1 + sinnt + 5 sin 2nt )by’ N-m
} } } (56)

where n. the magnitude of Yw . is taken to be 0.001131 rad/s.

Each flywheel pair in the FESS is required to discharge 4.400 W of power during the portion of
the orbit that lies within the Earth’s shadow. known as the period of eclipse. The remaining portion
of the orbit, during which sunlight reaches the spacecraft, is taken to be twice as long as the eclipse.
Therefore. for each orbit, the total power that must be supplied by the 48 pairs of lvwheels in the
physical systewn is given by

i

57)

Bpr_ [ 48x 2.200W 105.6kW  0<t< 32 (charge) (
Tl 48X —4.400W = —2112kW 223 <t <2 (discharge)

where the bar over P indicates a known function of ¢ to be used in counection with the pseudo-
inverse steering law developed previously. The alternative steering law is referred to as a divided
power law because the power requirement is divided into three equal parts. therefore P
Bpi - Bpr: _ %B[‘)F. or

- 35.2 kW HD<t< iz (charge) .
BpRF _ M iy o =1.9.: 58
P { —70.4 kW =;“’,—l” <t< "—f’ (discharge) (i=1.2.3) (58)

The FESS would have been made up of 96 flywheels: since the present model involves only 6
rotors, a scaling factor of 96/6 = 16 is used: thns J = 16 x 0.3010 ke-m? = 4.82 kg-m?.

Energy Feedback

The power possessed by the flvwheels. given in Eq. (35). can differ from the value required by
Eq. (57) when 'y # 0. If left unchecked. such unwanted resistance or damping will lead to a
difference between PP and PP that increases with time. to rotor speeds that exceed their
nmaximum and minimum linits, and to singularities in the steering laws. These deleterious effects
of damping can be eliminated by the coutrol system through feedback of rotational kinetic energy
error.
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as
9
J
Bp-F 2
Kf =33 u (59)
i=1
and the power of Fiu B is given by the derivative of BR ¥ with respect to .
d e
BpF _ © Byl (60)

dt

Oune can regard the required power 2 PF as the time derivative of a required kinetic energy of F in

B

_ d - 4
BpF By F .
= e €
P p K (61)

and define a kinetic energy error ¢, as the quantity

A - ES .
e = PRE - BRT (62)
that is governed by the differential equation
d . — g . e N
("A.:W(nlewgle):BP‘L—”P’ =, (63)
¢

where ¢, is defined to be the error in power. or the difference between the actual and required values.
The LQR technique can be used to control the kinetic energy error by minimizing the cost function

e
pE:/ (Aew? + ¢, 2) dt (64)
J0

where A is a weighting parameter on the kinetic energy error of the flywheel system. This leads o
a feedback controller in which the required power is adjusted by the amount —VAeg. Thus. the
commanded power is defined to be

BpF 2 BpE _ /Xe (65)

and is used in place of PP in Eq. (43) for the pseudo-inverse steering law. Similarly, a commanded
power BPF (i = 1,2,3) is obtained for each of the three flvwheel pairs and used together with

Eqs. (51) and (52) for the divided power steering law. The wmerits of this kinetic euergy error
feedback are illustrated presently.

Control System Block Diagram

The block diagram in Fig. 3 shows the LQR (controller). flywheel steering law. and kinetic energy
error foeedback arranged to form a complete control system in MATLAB/Simulink®. The differential
equations governing the behavior of the plant model are placed in a Simulink® S-Function to be
numerically integrated and provide the value of the state {x} at the current simulation time. The
current value of the state is fed to the controller S-Function. where it is made nondimensional and
then multiplied by the LQR-derived state feedback gain matrix to generate the control torques 7
and T. The controller also determines the kinetic energy error of the flywheel system. ¢p. needed to
calculate the commanded power, PP that is used together with the flvwheel control torque T in
the Hywheel steering law to obtain the fivwheel motor torque measure munbers in {y} sce Eq. (42)].
These are supplicd to the plant model, and the control loop cyele is repeated. (The subject of CMG
steering is well understood: therefore. our simulations do not inclide a model of individual CNG

gimbal motions.)
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Figure 3: Control System Block Diagram

TEA Seeking

The Torque Equilibrium Attitude (TEA) of a spacecraft is defined as the orientation for which the
angular acceleration of B in N vanishes. The present ISS attitude and CAMG mowentum control
algorithm can keep the orientation in the neighborhood of a time-varving TEA almost indefinitely,
without requiring any expenditure of propellant from the Reaction Control System. In what follows,
the design of a control law that seeks TEA with CMGs and flywheels is described brieflyv, and
then simulation results are presented that illustrate the performance and features of our control
and steering laws. We first illustrate the consequences of failing to counteract damping. and then
demonstrate the advantages of kinetic energy error feedback.

Secking a TEA requires regulating the states contained in the 18 x 1 column matrix
{ey =167 650 65 wje.... hije.... Hi..... [hid*..... [Hpd ... |" (66)

Weighting matrices Q] and [R] are constructed with the associated values presented previously. The
matrices [A]. [Q]. aud [B] are dimensioned 18 x I8, 18 x 18, and 18 x 6, respectively, in accordance
with the number of regulated state variables for this control scheme.

Simulation results for this control law. discussed in the remainder of this section, are obtained
with the following initial values of the state variables. Angles describing the orientation of B in L at
t =ty are A {ty) = 5° (pitch). 85(ty) = 5° (vaw). and 3(¢y) = 5° (roll). Angular speeds associated
with Yw?B (with LwB = 0) are wi(ty) = —9.86 x 1077 rad/s, ua(te) = —1.12 x 1073 rad/s. and
uz(ty) = 9.82 x 1077 rad/s. Rotor spin speeds are uy(ty) = ug(ty) = uxi(ty) = —20.000 rpm. and
us(ty) = w7 (tg) = uy(ty) = 20,000 rpm. Initial values of CNG momentum measure numbers are
Iy(to) = ha(to) = ha(te) = 0.

Damped Flywheel Rotors

The detrimental effects of damping are illustrated by performing a simulation with ¢y = 107° N-
m-s. One wight be tempted to neglect such a seemingly sall effect. especially over the short term.
hut it is shown here to be troublesome if not dealt with over long periods. The performance of the
TEA-seeking coutrol law without feedback of kinetic energy error is recorded in Figs. 4 7.

Figure 4 shows the time history of the attitude angles and the inertial angular velocity. The solid
curve is used for 8; (pitch). the dashed curve for 6, (vaw). and the dash-dot curve is used for 6,
(roll). The average values of these orientation angles in the steady state are referred to as average
torque equilibrium attitude angles. and ave approximately the same as those shown in Ref. [3j. —7.57
in piteh. =1.2° in vaw, and —0.27 in roll. The lower plot of Fig. 4 shows the mertial angular velocity
response. with u. we. and wy. shown with solid. dashed. and dash-dot curves respectively. Although
thev are not showi. plots of the magnitudes of h and H are virtually identical. remain below 14.000
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N-m-s over the first orbit, and in the steady state remain well below 4.745 N-m-s. the capacity of a

single 1SS CMG.

The upper plot of Fig. 5 contains the actual power delivered to the spacecraft by the fivwheel
system as a function of time. The middle plot displays the error between the actual power and the
required power due to the damping in the flywheel system, which leads to the large secular kinetic
energy loss of more than 50,000 kJ after 10 orbits, shown in the lower plot.

The kinetic energy error of the lywheel system is reflected in the angular speeds of the fliwheels
relative to B shown in Fig. 6. Speeds of the flywheel pair whose spin axes are parallel to by are
contained in the upper plots. with wuy represented by the solid curve. and u; indicated by the dashed:
speeds of the pairs whose spin axes are parallel to by and by are depicted in the middle and lower
plots, respectively.  The flvwheel rotor speeds exhibit a secular decay. No significant difference
appears between the behavior resulting from the pseudo-inverse and divided power steering laws,
presented in the left and right columns, respectively.

Time histories of flywheel motor torques. in the presence of damping. are displaved in Fig. 7
where the results in the left and right columns are associated with the pseudo-inverse and divided
power steering laws, respectively. The effects of damping appear to be negligible at first: however,
after some time it is apparent that damping causes the motor torque magnitudes to increase. with
either steering law. Inspection of Eq. (39) indicates that the secular decay in rotor speeds requires
an increase in motor torques in order to produce the required power. The increase in motor torque
magnitudes implies further power losses as more electrical power must be diverted to the motor-
generators in order to meet the attitude control and power manageinent requirenients simultaneously.

Counteracting Damping with Kinetic Energy Error Feedback

To compensate for dampine. the kinetic energy error feedback design is emploved with a weighting

. 9 g . . . . .
parameter A of 1§72 The parameters of the previous simulation are used again. leading to the
results reported in Figs. 8 10,
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Figure 8 shows that kinetic energy feedback eliminates the secular decay of rotor speeds seen to
result from flywheel rotor damping in Fig. 6. The flvwheel motor torques are shown in Fig. 9. It is
immediately clear that the magnitudes do not increase with time as they do in Fig. 7. The power
error ¢, shown in the middle plot of Fig. 10 is quite small and leads to the kinetic energy error ¢,
displaved in the lower plot. which is small and periodic. in contrast to the secular decay obtained
without energy feedback (A = 0 s72).

The kinetic energy error feedback method compensates for damping very effectively. as illustrated
by Figs. 8 10: these results are virtually the same as those obtained with Cy = 0 and no energy
feedback, although space limitation prevent us from including them separately.

CONCLUSION

General. nonlinear equations governing motion of a rigid spacecraft containing flywheels and CMGs
are presented in vector-dyadic forn, A set of twelve scalar equations is obtained by applyving the
generic relationships to the special case of a complex gyrostat with three pairs of flvwheels monnted
in orthogonal directions. Existing literature contains equations for describing motion of a space-
craft with CMGs: they follow from the generic ones under two reasonable assummptions. The exact
equations for the complex gyrostat, and the approximate relationships associated with CMGs are
combined to form approximate equations for a spacecraft with flywheels and CMGs. and subse-
quently linearized and nondimensionalized in preparation for design of linear control laws.

A control law has heen designed for an Earth-pointing spacecratt, and nutnerical simulation shows
that it performs well in controlling torque equilibrium attitude, the energy stored in counter-rotating
flywheels, and angular momentum of the flywheels and CMGs. Two steering laws are developed
for ensuring that attitude control and energy storage requirements are met simultaneously by the
flvwheels. The design of a method for feeding back error in the rotational kinetic energy of the
fivwheel rotors in order to eliminate problems caused by rotor damping is shown to be effective.
Possible topics for future research include control in the face of imperfect knowledge of inertia
properties. and unequal distribution of the attitude control workload between the fivwheels and

CMGs.

The promising results demonstrated here for control of power, momentum, and attitude of Earth-
pointing spacecraft snggest that it would be worthwhile to examine the very important class of
inertially oriented spacecraft.
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